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Abstract. The massless representations of the conformal quantum algebra Iy (sw(2,2)) for
complex ¢ such that |g| = 1 are studied in detail. By factorizing out all singular vectors of the
comresponding Verma modules, a simple basis for these representations is explicitly constructed.
This basis is new also for the usual conformal algebra sw(2,2). This construction allows a
siraightforward treatment of the case g a root of unity, when the representations are unitary and
finite-dimensional.

1. Introduction

The conformal quantum algebra 24, (su(2, 2}) is a g-deformation of the ordinary Lie algebra
su(2,2) [1]. Some results on the study of its irreducible representations were presented in
[2]. In particular, for generic g, such that jg| = 1, the representations with positive energy
are deformations of the corresponding representations of su(2, 2). When the deformation
parameter ¢ is a roof of unity, the picture of the representations changes drastically and ali
positive-energy irreducible representations are unitary and finite-dimensional.

In the present paper we continue the study of the representations of i/, (su(2, 2)), by
examining in detail the case of the massless representations. For all g such that g} = 1, we
construct explicitly a simple basis for the corresponding representation space. This basis
is new also for the usval conformal algebra su(2,2). It is built by an explicit two-step
factorization of all singular vectors of the corresponding Verma module over U4, (si(4, C))
together with the appropriate reality condition. In this basis it is manifest that each weight of
a massless representation has multiplicity one. Notice that these representations are pseudo-
unitary and become unitary in the Hmit ¢ — 1. For ¢ a root of unity, the basis truncates
and the representation space becomes finite-dimensional. For g = ¥ N =2,3, ..., all
basis vectors have now positive norm, and the representations become unitary. Our results
are in the most general form since the representations are obtained using factor-modules of
Verma modules.
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2. Preliminaries

The quantum algebra U, (si(4,C)) is defined as the associative algebra over C with
Chevalley generators X , Hj, j =1,2,3, and with relations [3,4]:

(H, Hil=0  [H, Xfl=dapX§  1X]. X71=8ulH;), (1a)
2 2

(xF) XF - LXFXEXF + XE(XF) =0 Gl =(12),2D), (23, 32)

(X3, X3]1=0 (16)
where [x]; = (¢*/2—q~*/*) /X, & = ¢ —q~72, (an) = ey, o)/ (egj, o)), j k= 1,2, 3,
is the Cartan matrix of si/(4,C); ¢, @, a3 are the simple roots; the non-zero products of
the simple roots are: {o;, ;) =2, j = 1,2, 3, (), 02) = {o2, @3} = —1. The non-simple
positive roots are a2 = o) -+ @, a3 = oc2+oz3, 013 = ofy -+ iz + er3. The elements H; span

the Cartan subalgebra 7, while the elements X generate the subalgebras G=.
The Cartan—-Wey! basis for the non-simple roots is given by [4,5,1]:

X5 =g Mg XEXE — g7 VXEXE) (R = (12),(23) (2a)
X = g™ XE XS — g XEXE)
= £q7g " XRX5 - g7 XTXR). (26)

All oﬂler*commutation relations for the generators follow from these definitions [1]
(X% = X¥y:

(XD, %51 =~q%X2,,  [Xf, Xpl=X5,97™? 1<a<b<3 (o)
X7, Xhl=Xba % (X, Xh1= —¢®PX},, 1<a<bg3  (3)
XEixx = gVixE x* XEXE = ¢ 1PXE X} 1€a<bg3 (3¢)
Xix3 = qmX X% XﬁX* q-'ﬂX* X3, (3d)
[Xéf X35l = [X3, XF] = (3¢)
X5 Xpl = -4”‘+”2X’ (X1 Xu} = Xfq =" (30
(X5, Xpl=X7q ™% Xy, Xl = —g™ X (32)
(X35, X5 = AXF X5, (X5, X5) = —Ag*PXTXT. (3h)

We shall not need the coalgebra structure of L, (sl(4, C)} [3,4] and 14;(su(2, 2)) [1]
and thus it will not be given here.

3. The generic case

We first consider the representations of i, (su(2,2)} when the deformation parameter is
not a root of unity. In this case the representations of U, (su(2, 2)) we use are irreducible
Jowest-weight modules M? (in particular, Verma modules V) of Uy (si(4, C)), together
with the reality condition necessary for the construction of the scalar product in M* {or
V4), The module M4 is given by its lowest weight A € H* (H* being the dual of ) and
lowest-weight vector vg = vp(A), such that vy is annihilated by the lowering generators,
Xvp =0, X € U,(G™) and Huvg = A(H)vp for any Cartan generator H.,
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In particular, we use the Verma modules V* which are the lowest-weight modules such
that VA = L (G vo. Thus the Poincaré-Birkhof-Witt theorem tells us that the basis of
V4 consists of monomial vectors

W = (R XRER 2 XD X =Pyr & ki € 2y (4)

In order to consider V4 as a representation of the real form we need, as in the g = 1 case,
a Hermiticity condition invariant with respect to U4, (su(2, 2)). This is given by [2]:

X,-:'i (jk) = (11), (33)
—Xﬁ otherwise

w(Hy=H VHeH a(X3) = [ (5)

where o acts as C-anti-linear algebra anti-involution of 1, (sI(4, C)}. Using the conjugation
w, the following U, (su(2, 2))-invariant scalar product can be defined [2]:

(‘I‘u?s» ‘I’[E}) = (7’{:?}”% P{E}‘*‘O) = (UU""(P{E'})P{E}UU) Q)

with (vp, vg) = 1.

Generically, the Verma modules V4 are irreducible. A Verma module V* is reducible
[5] iff there exists a positive root &, & = »_, nzcy, #x € Zy, ety being the simple roots, and
a positive integer m, such that the following equality holds:

[~ o)H) +ma) =0 ™

where H, = 3, ngHy, and p is half the sum of the positive roots; note that p(Hy) = 1.
For the six positive roots of the root system of si(4, C), one has (see [6]):

mi=—A(H)+1=2h+]1 (8a)
My =—A(H)+1=1—d—j1 — j» (8b)
my=—A(Hz)+1=2j+1 (8¢c)
mpp=—AMH)+2=m+m=2-d+j— (8d)
myu=—A(Hn)+2=my+my=2—-d—j+ o (8e)
mpy=—A(Hp)+3=m +mad+my=3—d+j+j (&)

where we use the classical labelling of the su(2, 2} representations: & is the conformal
dimension {or energy} and 2ji,2j; are non-negative integers fixing finite-dimensional
irreducible representations of the U,(su(2)) ® U,(su(2)) subalgebra. The latter integers
fix also the finite-dimensional irreducible representations of a g-Lorentz algebra, though it
is a subalgebra of this g-conformal algebra only for ¢ = 1.

Whenever (7) is satisfied, there exists a singular (nuil) vector vy** in V4 such that
e £ v, XvP® =0, VX € U(G7) and Hu™™ = (A + ma)(H)v]™, YH € H. The
space I™% = U,(G*) v is a proper submodule of VA isomorphic to the Verma module
yA+tme with a shifted lowest weight A + ma [5].

The Verma module V# contains a unique proper maximal submodule 74 (which contains
all submodules ™), Among the lowest-weight modules with lowest weight A there is
a unique irreducible one, denoted by Ly, ie. Ly = VA/IA, (If VA is irreducible then
La = VA To obtain the irreducible lowest-weight module L, we have to factor out all
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singular vectors. First of all, we have that m; and ma are positive, since 2j; and 2j, are
non-negative integers. The corresponding singular vectors are

v= (P v = (xR ©

and these are present for all representations we discuss.
Further, we concentrate on the massless case [2,7], for which

d=h+jp+l1 hi=0 (10)

For definiteness we choose jo = 0. Then we see that in the case j; 5 0 we have two more
singular vectors corresponding to myz = 1 and m3 =2 [2]:

va = ([2/11X7, — g XX} )vo d=ji+1 ja=0 Mg =1 an
o@ = XF (1211024 - 1EHGN — 21027 + U125 - UXF PRt
+ 21 + N2ANXDXHP) X5 vo
d=ji+1 j2=0 Mz =2. (12)

Note however, that the singular vector v is a composite one. It gives no new condition

since, factoring out the submodule J; generated by the singular vector v; = X7 vp, we
factor out also the submodule f g’ generated by uf? ; I{? is a submodule of 1.
When ji = 0, besides (11) and (12} (with j, = 0), there is another singular vector

corresponding to ma3 =1 [2]:
Uﬂ:X{X;U{J d=1 j|=j2=0 mp=1 (13)

which is also composite. Furthermore, for ji = 0 the vector vz = X'{ X{"vg is also
composite, since in this case the submodule 12 is also a submodule of the submodule [y
generated by v; = X vo.

Let us factor out all above singular vectors. This means that in the factor representation,

—~

whose ground-state vector we denote by |}, we have:

(x7)**' 1= 0 (140)
Xi[}=0 (14b)
(271X} — g X5 X))} = 0. (14¢)

In the classical case this factor representation is still reducible [8]. Also, there is an
additional singular vector here:

~

v = (X5 X5 — ¢~ PXEXB)]. (15)
Checking singularity of vy, i.e. X7vy = 0, we see that it is straightforward for a = 1, 3,
while for ¢ = 2 we have to use (14b) and, if j; 7 0, alse (14¢). Factoring out the submodule

built on vy we obtain the irreducible lowest-weight representation L, whose vacuum vector
1} obeys the equations

(Xi;.)z.h-l*-ll) =0 (162)
Xi)=0 (165)
(22X —a" X3 X))y =0 (16¢)

(X5hXT — g 2 XLX5)) =0, (16d)
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As we noted above for j; = 0, (16¢) follows from (16a). We also note that
(2plX3 - ”Xg_s,XJr)l) = an

which is a simple consequence of (165, ¢).f
We can now explicitly give the basis of L. We consider the monomials as in (4), but
on the vacuum |}, i.e.

Oy = (XL XXX XD XDB)) =Pg ) kkkeZi.  (18)

First of all we have the restrictions & < 2/ and %3 = 0 because of (164, b). Then we have
kikz = O because of (16¢), since any occurrence of X X, is replaced by X;,. In the same
way we have kj2kp3 == 0 because of (164). Finally, k1k23 0 because of (17).

Thus, the basis of L, consists of the monomials

hom = XXX kbnely (19a)
% o = XFEXHXD™) kneZ,  teN (190)
P om = XEFEREDN)  k&neZ,  1<n<2) (19¢)

the third case being absent for j; = 0; £ # 0 in (196} to avoid coincidence with (194) for
£=0.

Note that the different vectors in (19) have different weights. Thus each weight has
multiplicity one and is represented by a single vector. The norms squared of the basis
vectors,

198 eI = (Phcts D) @0)
are given explicitly by |
N oy IPTRIME + €11 [€ + 1 in + 2111/ (21, @2la)
197, ol = [l ITk + €151 [+ 1 + 2711, nl /127! (21b)
1%, £ 17 = k1o 1k + €+ nlg! [€1,11211, /1251 — nlg! 2l

where [x],! = [x],[x — 1],...[1); for x € N, [0],! = 1. For the rest of this section we
suppose that g is not a non-trivial root of unity. These norms are non-vanishing, but they
can be negative for g # 1 and large enough &, ! and n. The corresponding representations
are then pseudo-unitary and become unitary only in the limit ¢ — 1, when all norms are
strictly positive.

It will be also convenient to work with the normalized basis

. P
de kL0 a=1,2,3 (22)
ket = H¢mzﬂ”

even when the norms squared are negative; this will simplify the treatment of the case of
g being a root of unity (see next section). The vectors (22) are in fact pseudo-orthonormal
(orthonormal for ¢ = 1) since, as we noted above, they have different weights and one has

(Cb?k.t.n}’ ¢)?k’.£’.n’i) = Eipnabdup Serrdnn &y =sign[| B o % (23)

t We also use ([2j1 +1]1X5~g/ XF X)) = 0, (X5 X3 —¢'2x 5 x1h))) = 0and (2271 + 11Xy~ XT X)) =
0, which are equivalent to (16¢), (164) and (17), respectively,
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The transformation rules for this basis can be computed explicitly:

@fk,z—l,ﬁll £>0
&)%k—l,l,n] £=0
X;®% = gt O T Tt n 25+ 1090 s

X7 & = Ok E a0+ T &

K8} =g O TR L |

51
q)!k,z’n_” n>0

X $luam = —4VIEF M2+ [ ré
n q‘r‘—iq)?k,t—l.l} n=0

X5 &} gy = —a~ VDL +EF 1P g0y

X5 & o = —g@ TR L2 — n1y 9y

Xyl oy = =PRI+ 1+ 0D 4y )

X5 Ohrm = —a* PR+ gl + 1y @ 1t )
X5 ey = ~q P2+ T B 141,

Hidl = k+e—n-2j)dl,
Hlé%k'e'n} = (k - Z —_n - 2]‘1)&?‘:.8,#]
Hdy, = k+e+2n—2j)8,,

Hydl oy = @+ 20+ 251 + DY,

Hy®%, = €+ 20 +2j; + DL,

&%, =€ —n+ 2+ D&,

HS&%&,z,n} =(k—£ ~n)fi>ik,z,,,}

Hy®L =k +2—m)d ,

H3&>?k.£.u} = k- E)é?k,l.n)

2l e n>0
d Bty n=40
XH®Y oy = q I DR T2 + £+ 11

X{ &g = ¢ OV IF Et n - TNg20 — 11q gy

X3 oy = 4 VIE+ 1+ 10120 + T+ nlg @l g ey

X7 &’i?k.t.n} = ¢ /lZj + T+ 2+ nlln + llqa’%k,e.n-m

X;&)?k.t.n} = gD 4 20 + 1 - n]q&)?k,é-i-!,n—l]

i ‘i’lk 1Le-1 £>0
XF bl = =g PR EF N+l T £=0
&.1,n—-1} =

X;r‘i’?k.s.n; = =g 2 e+ €+ 1 [n], ‘i’fk.m,u—u
X;. q’?k,z.n} =—q “"‘)’2\/ e+ 1]q[£]qq’?k+1.c—1.n} .

X{ bl o = a*t 2 e+ €+ 13,025 + nl; {

(24a)

(24b)
(24c)

(25a)

(250)
(25¢)
(26a)
(26b)
(26¢)

(27a)
(27b)
(27¢)
(28a)
(28b)
(28¢)
(29a)
(295)
(29¢)

(30a)

(30B)
(30¢)
(3la)
(31b)
(31¢)

(322)

(320)
(32¢)
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We have thus proved the following theorem:

Theorem I. The basis vectors ®f , ., given in (19) span a representation space for the
pseudo-unitary massless irreducible representation of U, (su(2,2)) withd = ji + 1, =0,
lgl = 1, ¢ not a non-trivial root of unity.

Remark. Note that such a basis is also new for the algebra su(2,2), ie. forg = 1. As
already remarked, in this case the representations become unitary, Since the weight spaces
are one-dimensional, one may call the massless irreducible representatins singletons using
terminology of [9].

We would also like to give an interpretation of the representation basis via character
formulae. Such formulae represent the basis vectors through formal variables, ¢ = e{e;),
J =1, 2, 3 which correspond to the simple root vectors Xf, and e() have formal properties
of the exponential function, namely, e()e(v) = e(it 4+ v), e(0) = 1. Thus, the non-simple
root vectors Xn. Xg;, X]‘; are represented by 215 = e(enz) = fitz, ty = elun) = fafs,
fi3 = {3} = tiat;. When ¢ s not a root of 1, the massless itreps can be represented by
the following character formulae (containing the same information as {(19):

- 00 o0 o0 00 Zh
chL = e(A)(Z Y oS b+ Y Z O EDIIDD t{‘3tf2t;‘) (33)
k=0 2=D0 =0 k=0 ¢=1 n=0 k=0 £=0 n=1

where the overall prefactor e(A) represents the lowest-weight state.
In the same fashion the character formula for the Verma module with the same lowest
weight is (cf e.g. [10])

ch VA = e(A)/(1 — )1 — B} — 5)(1 — 02){1 — 53)(1 — f13). (34}

which has the same content as (4) with k;, ke € Z.
Now we can rewrite the character formula (33) as

chL, =chVAQ(n, b, 1)
=ch VAl — " + 1"t ~ts — ity + )"ty — 1003 + 110085 (35)
- Gn + G - 158 + 1'58)
my=2hp+121 d=j+1 h=0.

This formula is valid for all j; %Z.{., Jja = 0. Note, however, that for j; = % the terms
in the fourth row cancel each other out, while for j; = 0 the terms in the third row cancel
each other. To show that (35) concides with (33) amounts to the explicit straightforward
division of the polynomials:

Q(zh:Za t3)
. 6
(1= 2)(I = )1 = 5)(E —12)(1 — 23)(1 — #13) (36)

Formula (35) represents an alternating sign summation over a part of the Wey! group of
si(4,C) and may be obtained using [11, 12]. Note, however, that the ultimate formula is
(33) which we obtained in a straightforward manner.
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Finally we mention the necessary changes in order to treat the massless case with
d = ja+ 1, j; =0. Instead of (16) we have:

X{1)=0 (370)
(x3)" =0 (378)
(121%5 +a7#74 %1 X5 )1y =0 370)
(x5 - a2 x5 x5) 1) =0, (374)

Instead of (19) the basis is given by

e = XRERETYY  kbnel, (38a)
OF 1 = XXX k,neZy, £eN (385)
8 = XEFERXIY)  k&neZy, 1<n<2j (38

The character formula for j; € %Z+, Ji =0 is obtained from (35) by changing #; < f3,
my = M3, ji < fa.

4. The case g a root of unity

We now turn to the case of the deformation parameter g being a root of unity, namely,
g=e"N N =273, ...

In this situation all Verma modules V" are reducible [5] and all irreducible
representations are finite-dimensional [13]. There are now more singular vectors; these
were given in [2]. Instead of working with them, we can consider directly the representation
space constructed before and find explicitly how it is reduced in the present case.

We consider first the norms given in (20). Using the fact that {sN], =0, Vs € Z we
see that the following norms vanish:

”‘p}k.t.n}l]z =0 for k+&=N o £4+a2N o n2N-2J (39a)
I9hemlP=0  for E+E2N o £+n3>N-2J (39)
10}l =0  for k+f+n>N (%)

where we have decomposed 2y = 2J) +sN, 0 < 2/ < N, J; € 4Z,, s € Z,. Then we
note that

[p+2hl =[p+2/1 +sN], = (=1¥[p+ 2N, (402)
P+ 2hJgl/[271]g! = (=17 [p + 241,/ (241 ]! (40b)

and applying this to (21) we obtain

1@ e l7 = (1" [&I MK + £, 1€ + nlyn + 21151 /[2.1],! (41a)
1%, P = (=1 DRIk + €112 + n + 201),1m), /1201, (418)
D3 g I* = (=1 [l '[% + £ + nlg €], 112N 1o /(20 — ! (41c)



Massiess representations of conformal quantum algebra 4839

Obviously the above norms can be positive for all £, £, n only if s = 2r, r € Z;. Thus,
we recover the result announced in [2] that the finite-dimensional massless irreducible
representations for roots of unity are unitary iff

d=j+1 =0 2NL2H<@+DN~1 VreZ,. (42)

For fixed j; in the above range, the basis of the unitary irreducible representation is given

O om keneZ, k+6&+n<N—-1 n<N-2}-1 (43a)
®F o kneZ, £eN k+f<N-1 2+ngN-25-1 (43b)
D om kineZ, k+2+ngN—-1 1<ng2h (43¢)

where jy = J; +rN,0<2J; < N, r € Z,.. The norms of these vectors are given by (21)
with j; replaced by .Jj.

Analogously to section 2, we introduce also the orthonormal basis &)‘i‘k_t‘n, for which we
have the same transformation laws (24)—~(32), with j; replaced by J;. For consistency we
have to check that the basis given in (43) is indeed a representation space. It is enough to
consider the boundary cases, i.e. the cases in which acting on a vector in (43) would result
in a vector not in (43). However, we observe simply by inspection that in all such cases
the coefficient on the RHS of the corresponding formula in (24)~(32) is zero. (For example,
X i_q’fk.s,N—zJ,-l] =0- ¢I1k.£-1.N-—2J|} (€ >0))

Thus, we have proved the following theorem:

Theorem 2. The basis vectors ®f, , .. given in (43) span a representation space for the

unitary massless irreducible representation of U, (su(2,2)) with d = j; + 1, j. = 0, and
— a27i/N
g=¢e .

Having estabiished the basis, we can count the number of states in it. We find that the
number of states in (43a), (43b), (43c) is, respectively,

LN -21)QN* + N@h +3) + 1 - 4J2) (44a)
LN —20)(N - 25, = DN +2J; - 1) (44b)
THGN? —6NJ — 1+4JD). (44¢)

The sum of these three numbers gives the dimension of the massless irreps, which was
derived in [2] from other considerations:

d(N, 1) = 3[2N? — N(12J% ~ 1) + 3J1(47F - D)]. (45)
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